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Abstract
A multidimensional gravitational model with several scalar fields
and form fields is considered. A wide class of generalized pp-wave
solutions defined on a product of n + 1 Ricci-flat spaces is obtained.
Certain examples of solutions (e.g. in supergravitational theories) are
singled out. For special cone-type internal factor spaces the solutions
are written in Brinkmann form. An example of pp-wave solution is
obtained using Penrose limit of a solution defined on a product of two
Einstein spaces.
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1 Introduction
Plane-fronted, parallel gravitational waves (pp-waves) described by the met-
rics
g = dx+ ⊗ dx− + dx− ⊗ dx+ +H(x−, x)dx− ⊗ dx− +
m∑
i=1
dxi ⊗ dxi, (1.1)
with certain smooth functions H(x−, x) become rather popular objects of
investigations (see [1]-[25] and refs. therein). The metric (1.1) has a co-
variantly constant null Killing vector ∂/∂x+ and obey the vacuum Einstein
equation when
∑m
i=1
∂2
∂xi∂xi
H = 0. In four dimensions it is the most general
solution to Einstein equations with covariantly constant null vector [6].
The metrics (1.1) also appeared as exact solutions of string theory [1, 2, 3]
(e.g. with non-trivial dilaton and null 3-form backgrounds) due to vanishing
of all higher order terms in string (β–function) equations of motion. Despite
of the triviality of all scalar invariants constructed on powers of the Riemann
tensor and its derivatives the metric (1.1) is in general singular [18, 19]. For
H(x−, x) = Aij(x
−)xixj the metric is regular. In the case of constant Aij we
are led to so called Cahen-Wallach (CW) spaces [5]. These spaces contain
maximally supersymmetric plane waves in eleven-dimensional [4, 7] and ten-
dimensional type IIB [8] supergravity (see also [20]). It was observed in
[9, 10] that these solutions may be also obtained as Penrose limits [11, 12] of
the AdSp × SD−p type solutions.
It was shown in [13, 14, 15] that superstring theory on pp-wave back-
ground can be solved in the light-cone gauge. In [16] a sector of N = 4
super-Yang-Mills dual to string theory on certain pp-wave background was
identified (see also [25]), allowing for stringy tests of the AdS/CFT corre-
spondence.
For H(x−, x) = Aij(x
−)xixj the solution (1.1) may be also rewritten in
Rosen coordinates [12, 10, 24]
g = du⊗ dv + dv ⊗ du+
m∑
i=1
Cij(u)dy
i ⊗ dyj. (1.2)
For diagonal matrix (Cij(u)) = (Ci(u)δij) the metric has a natural gen-
eralization to a chain of Ricci-flat spaces. In this paper we obtain a rather
general class of solutions defined on product of n+1 Ricci-flat spaces for the
multidimensional gravitational model with fields of forms and scalar fields.
These solutions follow just from the equations of motion.
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The paper is organized as follows. In Sect. 2 we outline the general
approach with arbitrary forms and dilaton fields on a product of (n + 1)
manifolds. In Sect. 3 we obtain pp-wave solutions defined on a product of
(n + 1) Ricci-flat spaces. Here the integrability problem is also discussed.
Several examples of solutions are presented in Section 4. In Section 5 a
(generalized) Brinkmann form of solution for special (cone-type) Ricci-flat
factor-spaces is suggested. Here an example of pp-wave solution is obtained
using Penrose limit of a solution defined on product of two Einstein spaces
[31].
2 The model
We consider the model governed by the action
S =
∫
M
dDz
√
|g|{R[g]− 2Λ− hαβgMN∂Mϕα∂Nϕβ (2.1)
−∑
a∈∆
θa
na!
exp[2λa(ϕ)](F
a)2},
where g = gMNdz
M ⊗ dzN is the metric, ϕ = (ϕα) ∈ Rl is a vector from
dilatonic scalar fields, (hαβ) is a non-degenerate symmetric l × l matrix (l ∈
IN), θa 6= 0,
F a = dAa =
1
na!
F aM1...Mnadz
M1 ∧ . . . ∧ dzMna (2.2)
is a na-form (na ≥ 2) on a D-dimensional manifold M , Λ is a cosmological
constant and λa is a 1-form on R
l : λa(ϕ) = λaαϕ
α, a ∈ ∆; α = 1, . . . , l. In
(2.1) we denote |g| = | det(gMN)|,
(F a)2 = F aM1...MnaF
a
N1...Nna
gM1N1 . . . gMnaNna , (2.3)
a ∈ ∆, where ∆ is some finite set. In the models with one time all θa = 1
when the signature of the metric is (−1,+1, . . . ,+1).
The equations of motion corresponding to (2.1) have the following form
RMN = ZMN +
2Λ
D − 2gMN , (2.4)
△[g]ϕα − ∑
a∈∆
θa
λαa
na!
e2λa(ϕ)(F a)2 = 0, (2.5)
∇M1 [g](e2λa(ϕ)F a,M1...Mna ) = 0, (2.6)
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a ∈ ∆; α = 1, . . . , l. In (2.5) λαa = hαβλβa, where (hαβ) is a matrix inverse to
(hαβ). In (2.4)
ZMN = ZMN [ϕ] +
∑
a∈∆
θae
2λa(ϕ)ZMN [F
a, g], (2.7)
where
ZMN [ϕ] = hαβ∂Mϕ
α∂Nϕ
β, (2.8)
ZMN [F
a, g] =
1
na!
[
na − 1
2−D gMN(F
a)2 + naF
a
MM2...Mna
F
a,M2...Mna
N
]
. (2.9)
In (2.5) and (2.6) △[g] and ▽[g] are Laplace-Beltrami and covariant
derivative operators respectively corresponding to g.
Multi-index notations. Let us consider the manifold
M =M0 ×M1 × . . .×Mn. (2.10)
We denote di = dimMi ≥ 1; i = 0, . . . , n. D = ∑ni=0 di. Let gi =
gimini(yi)dy
mi
i ⊗ dynii be a metric on the manifold Mi, i = 1, . . . , n.
Here we use the notations of our previous papers [28]. Let any manifold
Mi be oriented and connected. Then the volume di-form
τi = dvol(g
i) ≡
√
|gi(yi)| dy1i ∧ . . . ∧ dydii , (2.11)
and the signature parameter
εi ≡ sign(det(gimini)) = ±1 (2.12)
are correctly defined for all i = 1, . . . , n.
Let Ω be a set of all non-empty subsets of {1, . . . , n}. For any I =
{i1, . . . , ik} ∈ Ω, i1 < . . . < ik, we denote
τ(I) ≡ τˆi1 ∧ . . . ∧ τˆik , (2.13)
ε(I) ≡ εi1 × . . .× εik , (2.14)
MI ≡Mi1 × . . .×Mik , (2.15)
d(I) ≡∑
i∈I
di, (2.16)
where di is both, the dimension of the oriented manifold Mi and the rank of
the volume form τi and τˆi is the pullback of τi to the manifold M : τˆi = p
∗
i τi,
where pi :M →Mi, is the canonical projection, i = 1, . . . , n.
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We also denote by
δiI =
∑
j∈I
δij (2.17)
the indicator of i belonging to I: δiI = 1 for i ∈ I and δiI = 0 otherwise.
3 General solutions
3.1 Solutions governed by one equation
Let M0 be an open domain in R
2 equipped with a flat metric g0 = du⊗dv+
dv ⊗ du where u, v are coordinates.
Let us consider a plane wave metric on the manifold (2.10) of the following
form
g = gˆ0 +
n∑
i=1
exp(2φi(u))gˆi, (3.1)
where gi is a metric on Mi, i = 1, . . . , n.
Here and in what follows gˆi = p∗i g
i, is the pullback of the metric gi to the
manifold M by the canonical projection: pi :M →Mi, i = 0, . . . , n.
The fields of forms and scalar fields are also chosen in the u-dependent
form
F a =
∑
I∈Ωa
dΦ(a,I)(u) ∧ τ(I), (3.2)
ϕα = ϕα(u). (3.3)
where Ωa ⊂ Ω are non-empty subsets, satisfying the relations d(I) = na − 1
for all I ∈ Ωa, a ∈ ∆.
The substitution of fields from (3.1), (3.2) and (3.3) into equations of
motion (2.4)-(2.6) lead to the following relations
Ric[gi] = 0, (3.4)
Λ = 0, (3.5)
−
n∑
i=1
di[φ¨
i + (φ˙i)2] = hαβϕ˙
αϕ˙β +
∑
s∈S
εs exp[−2Us(φ, ϕ)](Φ˙s)2 (3.6)
i = 1, . . . , n. In derivation of eqs. (3.4)-(3.6) the formulas for Ricci-tensor
and Z-tensor (2.7) from Appendix were used.
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Here and in what follows, Ric[gi] is the Ricci-tensor corresponding to gi,
i = 1, . . . , n, and X˙ ≡ dX/du. The (brane) index set S consists of elements
s = (as, Is), where as ∈ ∆ and Is ∈ Ωas are “color” and “brane” indices,
respectively. The electric U -covectors and ε-symbols are defined as follows
[28]
Us = Us(φ, ϕ) = −λas(ϕ) +
∑
i∈Is
diφ
i, (3.7)
εs = ε(Is)θas (3.8)
for s = (as, Is) ∈ S.
Thus, we get from equations of motion that cosmological term is zero and
all spaces (Mi, g
i) (i = 1, . . . , n) are Ricci-flat. We also are led to the second
order differential equation (3.6) on logarithms of scale-factors φi, scalar fields
ϕα and ”brane” scalar fields Φs.
The solution (3.4)-(3.6) is valid without imposing of any restrictions (on
brane configurations) or intersection rules. (Compare with the solutions from
[28]) and references therein).
3.1.1 ”Electro-magnetic” form of solution
Now we show that more general composite ”electro-magnetic” ansatz
F a =
∑
I∈Ωa,e
dΦ(a,e,I)(u)∧ τ(I) + ∑
J∈Ωa,m
e−2λa(ϕ) ∗ (dΦ(a,m,J)(u)∧ τ(J)), (3.9)
(instead of composite electric one from (3.2)) will not give new solutions.
Here ∗ = ∗[g] is the Hodge operator on (M, g), Ωa,e,Ωa,m ⊂ Ω are non-
empty subsets, satisfying the relations: d(I) = na − 1 for all I ∈ Ωa,e and
d(J) = D − na − 1 for all J ∈ Ωa,m, a ∈ ∆.
Indeed, due to relations (5.26) from [30] we get
∗ (dΦ ∧ τ(I)) = PI(∗0dΦ) ∧ τ(I¯) = PIdΦ ∧ τ(I¯), (3.10)
PI = ε(I)µ(I) exp[
n∑
j=1
djφ
j − 2∑
i∈Is
diφ
i], (3.11)
where I¯ = {1, . . . , n} \ I is ”dual” set, µ(I) = ±1 is defined by the formula
τ(I¯)∧du∧τ(I) = µ(I)du∧τ({1, . . . , n}) and ∗0 = ∗[g0] is the Hodge operator
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on (M0, g
0), obeying ∗0dΦ = dΦ for Φ = Φ(u). 2
Using (3.10) any ”magnetic” monom may be rewritten in the electric form
exp(−2λa(ϕ)) ∗ (dΦ(a,m,J)) ∧ τ(J)) = (dΦ¯(a,m,J)) ∧ τ(J¯)), (3.12)
where dΦ¯(a,m,J) = exp(−2λa(ϕ(u)))PJ(u)dΦ(a,m,J), J ∈ Ωa,m.
Remark. A rather simple way to verify that fields of forms (3.2) obey
the ”Maxwell” equations (2.6) written in the form d ∗ (e2λa(ϕ)F a) = 0 is to
use the relation (3.10).
3.2 The integrability problem
Here we consider the problem of integrability of equation (3.6) that may be
rewritten in equivalent form in terms of scale factors fi = exp(φi) as following
−
n∑
i=1
di
f¨i
fi
= hαβϕ˙
αϕ˙β +
∑
s∈S
εs exp[2λas(ϕ)](Φ˙
s)2
∏
i∈Is
f−2dii . (3.13)
Let us consider the following problem: for given scale factors f2, . . . , fn,
scalar fields ϕα and brane scalar fields Φs to find f1 satisfying eq. (3.13). The
solution of this problem is equivalent to finding of all metrics (2.2) obeying
equations of motion (2.4)-(2.6) for given fields of forms (3.2) and scalar fields
(3.3).
Remark. Here we do not consider another trivial task: for given scale
factors f1, . . . , fn and scalar fields ϕ
α to find all brane scalar fields Φs satis-
fying eq. (3.13).
Denoting Ψ = f1(u) we get the following non-linear equation
Ψ¨ = A(u)Ψ +B(u)Ψ1−2d1 , (3.14)
where function A = A(u) and B = B(u) are defined as follows
A = − 1
d1
[
n∑
i=2
di
f¨i
fi
+ hαβϕ˙
αϕ˙β + (3.15)
2Here we use the following definition for Hodge dual:
(∗ω)M1...MD−k =
|g|1/2
k!
εM1...MD−kN1...Nkω
N1...Nk ,
where rank(ω) = k. We also put εuv = 1.
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∑
s∈S\S1
εs exp[2λas(ϕ)](Φ˙
s)2
∏
i∈Is
f−2dii

 ,
B = − 1
d1
∑
s∈S1
εs exp[2λas(ϕ)](Φ˙
s)2
∏
i∈Is\{1}
f−2dii . (3.16)
Here we denote
S1 ≡ {s ∈ S : 1 ∈ Is}. (3.17)
The subset S1 ⊂ S describes all branes that ”cover” the space M1.
A non-linear equation (3.14) with d1 6= 0, 1 was considered by Reid in
[27], where a special subclass of solutions was obtained for certain functions
B(u) = B(u, d1).
3.2.1 One factor-space is ”free”
Let us suppose that one of factor spaces, sayM1, is not ”occupied” by branes,
i.e.
1 /∈ Is (3.18)
for all s ∈ S.
In this case B = 0 and we get a very familiar (from quantum mechanics)
linear equation
Ψ¨ = A(u)Ψ, (3.19)
where function A = A(u) is defined is (3.15) with S1 = ∅. For certain
”potentials” A(u) one can find explicit general solutions to (Schroedinger-
type) eq. (3.19).
4 Special solutions
4.1 Sin-type solutions.
Let us consider a special class of solutions with sin-type dependent scale
factors
g = du⊗ dv + dv ⊗ du+
n∑
i=1
f 2i gˆ
i, (4.1)
F a =
∑
s∈S
δasa qse
−λas(ϕ)(
∏
i∈Is
f dii )du ∧ τ(Is), (4.2)
ϕα = const, (4.3)
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where
fi = ci sin(ωiu+ ω
0
i ), (4.4)
ci > 0, ωi, ω
0
i and qs are constants (i = 1, . . . , n, s = (as, Is) ∈ S) obeying
the following relation
n∑
i=1
diω
2
i =
∑
i∈Is
εsq
2
s . (4.5)
These special solutions (with εs = +1, θa = +1) have important applica-
tions in supergravity and string theory.
In what follows we consider two examples of these sin-type solutions.
4.2 Solutions in IIB supergravity.
Let us consider a solution in IIB-supergravity with two 4-dimensional Ricci-
flat spaces (Mi, g
i), i = 1, 2, of Euclidean signature.
We consider a sector with 5-form and put ϕ = 0. We also put I1 = {1},
I2 = {2}; ci = 1, ωi = 1, ω0i = 0 (i = 1, 2) and qs = ±2, s ∈ {s1, s2}.
In this case the solution (4.1), (4.2) reads as follows
g = du⊗ dv + dv ⊗ du+
2∑
i=1
sin2(u)gˆi, (4.6)
F[5] = ±2(sin4(u))[du ∧ τˆ1 + du ∧ τˆ2], (4.7)
with F[5] = ∗F[5] (see (3.10)).
For flat spaces (Mi, g
i), i = 1, 2, we get a well-known supersymmetric
solution from [8], written in the Rosen representation.
4.3 Solutions in D = 11 supergravity.
Now we consider a solution in D = 11-supergravity [26] with two Ricci-flat
spaces (Mi, g
i), i = 1, 2, of Euclidean signature and dimensions d1 = 3 and
d2 = 6, respectively. Here the first space (M1, g
1) is obviously flat, since it is
3-dimensional Ricci-flat space.
Let I1 = {1} (i.e. one brane ”living” on M1 is considered); c1 = 1/2,
c2 = 1, ω1 = 1, ω2 = 1/2, ω
0
i = 0 (i = 1, 2) and qs = ±3/
√
2, s = s1.
Then the solution (4.1), (4.2) reads as follows
g = du⊗ dv + dv ⊗ du+ 1
4
sin2(u)gˆ1 + sin2(
1
2
u)gˆ2, (4.8)
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F[4] = ± 3√
2
(sin3(u))du ∧ τˆ1, (4.9)
For flat space (M2, g
2) we are led to supersymmetric solution from [7],
written in the Rosen representation.
4.4 Solutions with constant scale factors
A special class of solutions occurs when all scale factor are constant. In this
case relation (4.10) implies
0 = hαβϕ˙
αϕ˙β +
∑
s∈S
εs exp[−2Us(φ, ϕ)](Φ˙s)2. (4.10)
Usually, in all substantial (supergravitational) examples the matrix (hαβ)
is positive definite and all εs are positive (for pseudo-Euclidean signature
(−,+, ..,+) of g). Hence, it follows from (4.10) that in this case all scalar
fields are constant and all fields of forms are zero. But one may obtain
non-trivial solutions when (hαβ) is not positive definite one, or, when some
of εs are negative. Such solutions occur in twelve dimensional model [32],
corresponding to F -theory and in so-called BD-models [34] in dimension D ≥
12.
5 Solutions with special factor spaces
5.1 Brinkmann form of special solutions
In this Section we show that the solutions under consideration may be written
in generalized ”Brinkmann form” when special ”internal” factor spaces are
chosen.
Let Mi = R+ ×Ni and
gi = dri ⊗ dri + r2i hˆi, (5.1)
where (hi, Ni) is Einstein space of dimension di− 1 and Ric[hi] = (di− 2)hi.
Clearly, all metrics (5.1) are Ricci-flat.
For cone-type metrics (5.1) the relations (3.1) and (3.2) may be rewritten
as follows
g = du⊗ dv¯ + dv¯ ⊗ du−
(
n∑
i=1
λi(u)r
2
i
)
du⊗ du+
n∑
i=1
gˆi, (5.2)
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F a =
∑
s∈S
δasa dΦ¯
s(u) ∧ τ(Is), (5.3)
and eq. (3.6) reads
n∑
i=1
diλi = hαβϕ˙
αϕ˙β +
∑
s∈S
εs exp[2λas(ϕ)](
˙¯Φs)2. (5.4)
The metric (5.2) may be obtained if one substitute into original metric
(3.1) the internal metric gi = dRi ⊗ dRi +R2i hˆi, and then make redefinition
of coordinates
v¯ = v +
1
2
n∑
i=1
hi(u)R
2
i , (5.5)
ri = fi(u)Ri, hi = −fif˙i, (5.6)
i = 1, . . . , n. In (5.4) λi = −f¨i/fi and ˙¯Φs = Φ˙s∏i∈Is f−dii , i = 1, . . . , n; s ∈ S.
It should be noted that the class of supersymmetric pp-wave solutions
in ten dimensional IIB supergravity obtained by Maldacena and Maoz (see
also [22]) has a non-empty intersection with the family of our solutions for
D = 10.
5.2 Penrose limit of a solution on product of two Ein-
stein spaces
Some of pp-wave solutions may be obtained from generalized Freund-Rubin-
type solutions [31] (defined on product of Einstein spaces) using the Penrose
limit. Here we consider an example of such procedure.
Let us consider the special solution from [31] defined on product of two
Einstein spaces (M¯i, g¯i),
Ric(g¯i) = ξig¯i, (5.7)
i = 1, 2, with equal dimensions d1 = d2 = d+ 2.
The static Freund-Rubin-type solution with one non-zero form reads
g = ˆ¯g1 + ˆ¯g2, (5.8)
F a = Q1τˆ1 +Q2τˆ2, (5.9)
ϕα = 0, (5.10)
ξ1 = −Q2, ξ2 = Q2, (5.11)
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where Q21 = Q
2
2 = Q
2.
Let M¯i = Ti ×R×Ni, where Ti ⊂ R are intervals. We consider Einstein
metrics on M¯1 and M¯2, respectively,
g¯1 = (dρ⊗ dρ− cosh2(ρ)dt⊗ dt + sinh2(ρ)hˆ1)R2, (5.12)
g¯2 = (dθ ⊗ dθ − cos2(θ)dψ ⊗ dψ + sin2(θ)hˆ2)R2, (5.13)
generated by Einstein spaces (hi, Ni) (of dimension d) obeying Ric[hi] =
(d− 1)hi, i = 1, 2. Here R2 = (d+ 2)/Q2.
Introducing new variables
x¯∓ = (t± ψ)/2, x− = x¯−/µ, x+ = −x¯+2µR2, (5.14)
r1 = ρR, r2 = θR, (5.15)
where µ 6= 0 and taking the Penrose limit R→ +∞, we get
g = dx+ ⊗ dx− + dx− ⊗ dx+ − µ2(r21 + r22)dx− ⊗ dx− + gˆ1 + gˆ2, (5.16)
F a = µ
√
d+ 1dx− ∧ (δ1τˆ1 + δ2τˆ2) , (5.17)
where δi = ±1 (δi = −signQi), τi = dvol(gi) and gi = dri ⊗ dri + r2i hˆi,
Ricci-flat metrics on Mi = R×Ni, i = 1, 2.
6 Discussions
In this paper we obtained exact solutions describing plane waves on the
product of (n+ 1) Ricci-flat spaces for the gravitational model with fields of
forms and (dilatonic) scalar fields. The solutions are given by the relations
(3.1)-(3.6) and may be considered as a composite generalization of well-known
pp-wave solutions in supergravitational theories.
The general solutions are defined up to solutions of the second order
differential equation (3.6). When i) one of factor spaces is not ”occupied”
by branes then the problem is reduced to Schroedinger-type eq. (3.19). In
the case ii) when all spaces are occupied by branes we are led to non-linear
equation (3.14) (Reid equation). An interesting question here is to find a
possible ”chaotic” behaviour among solutions of eq. (3.14), as it sometimes
takes place in ”cosmology” with p-branes [35, 36]. In the first case i) the
”chaotic” behaviour seems to be absent for pp-wave solutions (see (3.19)) in
agreement with Kasner-like (non-oscillating) behaviour near the singularity
for S-brane cosmology [37] (when one space is ”free”).
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Another interesting problem is related to classification of (fractional) su-
persymmetric configurations among the solutions under consideration. On
this way the earlier results of the paper [38] may be used.
Here we considered as an example a solution from [31] (”Freund-Rubin”
type solution) defined on product of two Einstein spaces and showed the
appearance of a pp-wave solution in the Penrose limit. An interesting problem
is to investigate all possible Penrose limits of the composite p-branes solutions
on product of Einstein spaces from [31] (we remind that certain solutions from
[31] appear in the ”near-horizon” limit of solutions with harmonic functions
and Ricci-flat internal spaces [30, 28]) .
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Appendix
A Ricci and Riemann tensors
The non-zero (identically) Ricci tensor components for the metric (3.1) are
the following (see Appendix in [28])
Ruu[g] = −
n∑
i=1
di[φ¨
i + (φ˙i)2], (A.1)
Rmini[g] = Rmini[g
i], (A.2)
i = 1, . . . , n.
The scalar curvature for (3.1) reads
R[g] =
n∑
i=1
e−2φ
i
R[gi]. (A.3)
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The non-zero (identically) components of the Riemann tensor correspond-
ing to the metric (3.1) have the following form
Rumiuni [g] = −Rmiuuni[g] = −Ruminiu[g] =
Rmiuniu[g] = − exp(2φi)gimini[φ¨i + (φ˙i)2], (A.4)
Rminipiqi[g] = exp(2φ
i)Rminipiqi[g
i], (A.5)
i = 1, . . . , n.
B Product of forms
For two forms F1 and F2 of rank r on (M, g) (M is a manifold and g is a
metric on it) we use notations
(F1 · F2)MN ≡ (F1)MM2...Mr(F2)NM2···Mr , (B.6)
F1F2 ≡ (F1 · F2)MM = (F1)M1M2...Mr(F2)M1M2···Mr . (B.7)
It may be verified (see also formulas in Appendix from [28]) that
F (a,I)F (a,J) = 0, (B.8)
I, J ∈ Ωa, where
F (a,I) = dΦ(a,I)(u) ∧ τ(I). (B.9)
Hence for composite fields
F a =
∑
I∈Ωa
F (a,I), (B.10)
we get
(F a)2 = 0, (B.11)
a ∈ ∆.
Let us consider the tensor F a ·F a = (F a ·F a)MNdzM ⊗dzN for composite
F a from (B.10) One verify can that
(F (a,I) · F (a,J))MN = 0, (B.12)
for I 6= J , I, J ∈ Ωa, a ∈ ∆. This may done using the relations from
Appendix of [28] for ”non-dangerous” intersection d(I ∩ J) 6= d(I) − 1 and
relation (4.14) from [30] for ”dangerous” intersection [29] d(I∩J) = d(I)−1.
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Now we put I = J ∈ Ωa. The only non-zero (identically) components of
the tensor (F (a,I) · F (a,I)) are the following ones (see Appendix in [28])
(F (a,I) · F (a,I))uu = (na − 1)!ε(I) exp[−2
∑
i∈I
diφ
i](Φ˙(a,I))2. (B.13)
It should be noted, that the key ingredient in verification of formulas
(B.10) and (B.12) (and some other formulas from Section 2) is the following
obvious relation g0,µν∂µΦ∂νΦ
′
= 0 for 2-metric g0 = du ⊗ dv + dv ⊗ du and
functions Φ = Φ(u), Φ
′
= Φ
′
(u).
It follows from (B.8), (B.12) and (B.13) that the only non-zero (identi-
cally) components of Z-tensor (2.7) read as follows
Zuu = hαβϕ˙
αϕ˙β +
∑
a∈∆
θa
∑
I∈Ωa
ε(I) exp[2λa(ϕ)− 2
∑
i∈I
diφ
i](Φ˙(a,I))2. (B.14)
This relation coincides with the right hand side of the equation (3.6).
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